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Efficient molecular dynamics in Coulomb systems with two-dimensional periodicity:
Application to polyelectrolyte brushes

Takamichi Terao
Department of Applied Physics, Hokkaido University, Sapporo 060-8628, Japan

~Received 16 May 2002; published 30 October 2002!

We study polyelectrolyte brushes in an electrolyte solution by molecular dynamics simulations. The efficient
calculation method to treat the Coulomb systems with two-dimensional periodicity is presented, employing the
particle-cell acceleration technique and the Lekner summation method. The structural formation of polyelec-
trolyte brushes and the electrostatic screening effect with monovalent salts are clarified numerically. The
calculated results show the dependence of the structural formation in polyelectrolyte brushes on the grafting
density and the concentration of added salts. The calculated results show the dependence on the grafting
density and the concentration of added salts in the structural formation of polyelectrolyte brushes.
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I. INTRODUCTION

Charged soft matters~i.e., charged colloids, charged gel
and polyelectrolytes! have attract much attention, whe
many-body Coulomb interaction plays a crucial role@1–10#.
These are of importance as various industrial materials
biological systems. Recently, interesting physical phenom
have been pointed out and studied theoretically and exp
mentally, such ascharge inversion@8,9#, like-charged attrac-
tion @7#, and like-charged adsorption@10#. These studies
have clarified that the strength of Coulomb couplingsG (G
[Ec /kBT) is an essential parameter in these phenome
whereEc , kB , andT are the characteristic energy of Co
lomb interaction, the Boltzmann constant, and the temp
ture of the system, respectively.

In general, computer simulations with anN-body Cou-
lomb system are very time consuming, and it is difficult
treat many particles by direct calculations such as
particle-particle summation. To solve this difficulty, seve
rapid calculation techniques have been developed in
study of molecular simulations, for example, the partic
particle particle-mesh method and the particle-mesh Ew
method@11#. However, these numerical methods consider
three-dimensional periodic systems and are not applicab
the system with low-dimensional periodicity@12#, including
surfaces and interfaces. Recently, soft materials under
metrical confinement have attracted much attention, and
very interesting to treat these problems with efficient alg
rithms.

In this paper, we pay attention topolyelectrolyte brushes
and clarify their physical properties. Polyelectrolyte brush
are polymer layers at a solid-liquid interface where charg
polymer chains are anchored by one end on a surface,
they are interesting subjects with many unresolved proble
@13–17#. It is well known that polymer~polyelectrolyte!
brushes are useful materials, for example, to avoid the fl
culation between colloidal particles and stabilize colloid
suspensions in solutions@18–20#. We perform molecular dy-
namics simulations of polyelectrolyte brushes in an elec
lyte solution. The full Coulomb interaction is treated in th
numerical calculations, and counterions as well as ad
1063-651X/2002/66~4!/046707~5!/$20.00 66 0467
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salts are included explicitly. In general, this task is very tim
consuming in a brush geometry with partially periodic sy
tems, where a straightforward application of Ewald sums
not possible. We introduce theparticle-cell techniqueto ac-
celerate the molecular dynamics simulations, which ma
the computation much faster and enables us to treat la
number of particles in the system. To study the screen
effect by adding salt ions, it is necessary to study the sys
with a lot of charged particles, and our approach is suita
for this purpose.

This paper is organized as follows. In Sec. II, we descr
the model of polyelectrolyte brushes in solution. In Sec.
the numerical method we introduce in this study is e
plained. We also show the calculated results on polyelec
lyte brushes in solutions. Section IV gives the conclusion

II. MODELS

In this section, we describe the model of polyelectroly
brushes in an aqueous solution. The negatively charged p
mer chains are anchored to the grafting surface by mean
an uncharged end segment~Fig. 1!. We treat the polyelectro-
lyte brush systems withM polyelectrolyte chains, containing
L charged monomers per chain, andM3L monovalent coun-
terions due to the electrostatic neutrality. The anchor s
ments form a square lattice with the grafting densityr per
unit areas2. The system size is taken to beLxy in thex and
y directions andLz in the z direction, where the grafting
densityr is defined to ber5Ms2/Lxy

2 . The temperature of
the system is given bykBT51.2eLJ (eLJ is the unit of en-
ergy!. We impose periodic boundary conditions in thex and
y directions, and a hard-wall boundary condition in thez
direction. The discrete structure of the solvent is neglec
and the solvent enters into the model via its dielectric c
stante, which reduces the Coulomb interaction.

The potential energy of the system has four contributio

V5((
i , j

$Vrepul~r i j !1VCoulomb~r i j !1Vbond~r i j !%

1(
i 51

N

Vwall~$zi%!, ~1!
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where r i j , Vrepul(r i j ), VCoulomb(r i j ), Vbond(r i j ), and
Vwall(zi) denote the distance between particlesi and j, the
excluded-volume interaction, the Coulomb interaction,
bond potential between neighboring polymer segments,
the repulsive interaction from the wall in thez direction,
respectively. The excluded-volume interactionVrepul(r i j ) is
given by

Vrepul~r i j !5H 4eLJH S s

r i j
D 12

2S s

r i j
D 6

1
1

4J for r i j <r c

0 for r i j .r c ,
~2!

wheres and r c are the diameter of particles and the cuto
radius, respectively, andr c is defined asr c[21/6s. In the
following calculation, monomers, counterions, and add
salt ions have the same diameters.

The Coulomb interaction in this systemVCoulomb(r i j ) is
given by

VCoulomb~r i j !

5
e2

4pee0
(

nx52`

`

(
ny52`

`
qiqj

ur i j 1nxLxyex1nyLxyeyu
,

~3!

whereex and ey are unit vectors in thex and y directions,
respectively, and the indicesnx andny run over the periodic
images of the simulation box. In Eq.~3!, e, qi , e0, ande are
the elementary charge, the charge of particlei in units ofe, a
dielectric constant of the vacuum, and the relative dielec
constant of the medium, respectively. The neighboring po
mer segmentsi and j are coupled by the bonding potenti
Vbond(r i j ) as

Vbond~r i j !5
1

2
Kbondr i j

2 , ~4!

whereKbond is a constant. In addition, the hard-wall pote
tial with the z direction,Vwall(zi), is given by

FIG. 1. The model of polyelectrolyte brushes in this study.
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e
nd

d

ic
-

Vwall~zi !5Vrepul~zi1Dz!, ~5!

wherezi is the distance of thei th particle from the wall and
Dz is defined asDz[(21/621/2)s.

III. NUMERICAL RESULTS

We perform molecular dynamics simulations to study t
structural formation of polyelectrolyte brushes in equili
rium. Treating the long-range Coulomb interaction in
quasi-two-dimensional system described by Eq.~3!, we em-
ploy the Lekner summation technique, which shows gr
success in application to various problems such as collo
suspensions and biomolecules@21–23#. Long-range interac-
tions present a serious problem in molecular dynamics si
lations as well as Monte Carlo simulations, because of
slow convergence of the sum over the repetitions of the c
tral cell. In the Lekner summation technique, Coulomb su
mations are transformed to rapidly convergent ones via
Euler transformation and the Poisson-Jacobi identity.

In quasi-two-dimensional systems, the pair-poten
V(x,y;z) can be rewritten as

V~x,y;z!5
qiqje

2

4pe F4(
n51

`

(
k52`

`

K0„2pnA~y1k!21z2
…

3cos~2pnx!2 ln$cosh~2pz!

2cos~2py!%1c2G , ~6!

whereK0(x) andc2 are the modified Bessel function and th
constant to be added, respectively@21#. Equation~6! can be
also written as

V~x,y;z!5
qiqje

2

4pe F4(
n51

`

(
k52`

`

K0„2pnA~x1k!21z2
…

3cos~2pny!2 ln$cosh~2pz!

2cos~2px!%1c2G , ~7!

because of thex,y symmetry of the system. Equation~6! @or
Eq. ~7!# is rapidly convergent due to the asymptotic behav
of the modified Bessel functionK0(x) as

K0~x!;Ap

2x
exp~2x!. ~8!

In this study, we incorporate the particle-cell accelerat
technique with the Lekner method in partially periodic Co
lomb systems. The details of the particle-cell accelerat
technique is given as follows: At first, we divide the syste
with sizeLxy3Lxy3Lz into nxy3nxy3nz cells. Second, the
force on thei th particleFi is divided into two parts as fol-
lows:

Fi5Fi
(near)1Fi

( f ar) , ~9!
7-2
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whereFi
(near) andFi

( f ar) denote the force from the particle
within the neighbor cells, and that from the other dista
particles, respectively. In Eq.~9!, Fi

(near) consists of the con-
tribution from the particlesj within the cella given by

Fi
(near)[qi(

a
8 (

j Pa
qj f~r i j !, ~10!

where the first summation is taken over cellsa which are
sufficiently close to the particlei. In Eq. ~10!, qiqj f(r i j ) is
the force between the pair of particlesi andj, which is given
by the Lekner summation method@21#. In addition, the
distant-part forceFi

( f ar) consists of the contribution from th
particles within the cellb, which is given by

Fi
( f ar)[qi H(

b
Qb

(p)f~ ur i2Rb
(p)u!1(

b
Qb

(m)f~ ur i2Rb
(m)u!J ,

~11!

where each summation is taken over cellsb, sufficiently far
from the particlei. Here Qb

(k) and Rb
(k) (k5p,m) are cell

charges and the positional vectors in the cellb, respectively.
We consider particlesj (5” i ) in cell b with positive charges
(qj.0) to evaluate the cell chargesQb

(p) and the positional
vectorsRb

(p) , and those with negative charges (qj,0) to
calculateQb

(m) andRb
(m) . In Eq. ~11!, Qb

(k) andRb
(k) are de-

fined by

Qb
(k)5 (

j Pb
qj ~k5p,m! ~12!

and

Rb
(k)5

(
j Pb

qj r j

(
j Pb

qj

~k5p,m!. ~13!

In Eqs. ~12! and ~13!, the summations are taken for indexj
with qj.0 (qj,0) with respect tok5p (k5m). In the mo-
lecular dynamics~MD! simulations, we update the distan
part force on thei th particle Fi

( f ar) per nf ar steps (nf ar

.1), becauseFi
( f ar) varies slowly compared withFi

(near) . In
Eq. ~9!, the accuracy of the calculated forceDF is defined to
be

DF[

(
i

uFi2F̃i u2

(
i

uFi u2
, ~14!

where F̃i is the force on thei th particle by direct particle-
particle summations~exact values!. In the following study,
we obtainDF;1023 or less, which is a sufficiently accurat
result. In this way, we can make the calculation of Coulo
04670
t

b

forces in quasi-two-dimensional periodic systems mu
faster, and treat a lot of charged particles in the system w
no difficulties.

The efficiency of the particle-cell acceleration techniq
is demonstrated by applying the molecular dynamics simu
tions on polyelectrolyte brush systems. Figure 2 is a snap
of the polyelectrolyte brushes with the grafting densityrs2

50.03. The number of polyelectrolyte chainsM and the
length of the chainL are taken to beM5100 andL530,
respectively, and the number of charged particles trea
in this calculation isN56000. In Fig. 2, solid lines and
solid circles denote the grafted polyelectrolyte chains a
counterions, respectively. The value of the relative dielec
constant of the mediume is taken to bee578, andKbond
in Eq. ~4! is set to beKbond530eLJ /s2.

Figure 3~a! shows the density profiles of monomers in t
polyelectrolyte chains~solid line! and counterions~dashed
line!, respectively. The grafting density is taken to bers2

50.05. The abscissa and the ordinate denote the resc
distance in thez direction from the surfacez/sL, and the
density distributionn5n(z), respectively. The values ofM
andL are taken to beM516 andL530, and ensemble av
erage is taken over five samples. We take 20 000 MD st
for equilibration of the system, and 100 000 MD steps
taking the statistical averages. In Fig. 3~a!, we treat the salt-
free system (cs50.0), wherecs(M ) is the density of added
salts. We can see that the thickness of the polyelectro
brush layers is almost;0.7sL in this system. Figure 3~b!
shows the local charge densityr(z) as a function of the
distancez from the grafting surface. The profiles of the loc
charge densityr(z) are of great interest, because they hav
great influence on various physical properties such as sur
adsorption with other polyelectrolytes or charged colloid
and effective interaction between different polyelectroly
brush layers@17#. In Fig. 3~b!, the profile ofr(z) is oscillat-
ing and shows the characteristic feature at the surface of

FIG. 2. Snapshot of polyelectrolyte brushes with grafting de
sity rs250.03. The solid lines and filled circles denote the graft
polyelectrolyte chains and counterions, respectively.
7-3
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TAKAMICHI TERAO PHYSICAL REVIEW E 66, 046707 ~2002!
polyelectrolyte brush layers. Figure 3~b! indicates that mos
of the counterions are trapped inside the polyelectro
brush layer and other counterions diffuse outside the br
layer with thermal motions, where the global charge neut
ity is satisfied.

In Figs. 4~a! and 4~b!, we pay attention to the screenin
effect in solutions by adding 1:1 electrolyte. Figures 4~a! and
4~b! show the density profiles of monomersn(z) with graft-
ing densityrs250.09 andrs250.03, respectively. In neu
tral polymer brush systems, the brush stretching is de
mined primarily by excluded-volume effects betwe
monomers. In polyelectrolyte brushes, the brush thickn
depends on electrostatic interactions with charged monom
and microions, and steric repulsion between monomers.
anticipated that the polyelectrolyte brushes stretch by e
trostatic repulsion in the brush layer, and the brushes sh
at higher salt density because of the shorter electros
screening length. In Fig. 4~a!, the added salt concentratio
c5cs (M ) is given by cs50.0 ~solid line!, 0.012 ~dashed
line!, 0.025 ~dotted line!, 0.05 ~long-dashed line!, and 0.1
~dash-dotted line!. In Fig. 4~a!, we can see that the densi
profile hardly changes with increasing the salt concentra
cs . In Fig. 4~b!, the added salt concentrationcs is given by
cs50.0 ~solid line!, 0.008~dashed line!, 0.017~dotted line!,
0.033 ~long-dashed line!, and 0.066~dash-dotted line!. Fig-
ure 4~b! shows the different profiles from Fig. 4~a!, where
the brush thickness apparently decreases by increasing

FIG. 3. ~a! Density profiles of monomers~solid line! and coun-
terions~dotted line! as a function of the distance from the graftin
surfacez. The grafting density isrs250.05. ~b! Local charge den-
sity r(z) as a function of the distancez.
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salt concentration beyondcs'ci (ci is the counterion con-
centration!. These results indicate that there are two disti
regimes in these systems: The excluded-volume effec
dominant at high grafting density@Fig. 4~a!#, and the elec-
trostatic screening effect becomes relevant at low graft
density@Fig. 4~b!#. These results show good agreement w
recent experimental results in polyelectrolyte brushes@15#.

IV. CONCLUSIONS

In conclusion, we have performed the molecular dyna
ics simulations of polyelectrolyte brushes in an electrol
solution. The correct treatment of the long-range Coulo
interaction in a partially periodic system requires spec
methods which are computationally expensive. It is nec
sary to treat a lot of particles to study the screening effect
added salts, and this is a hard task in computer simulati
For this purpose, we have proposed the efficient numer
method of treating the Coulomb systems with tw
dimensional periodicity. We have employed the particle-c
acceleration technique, which is incorporated with t
Lekner summation method, and treated many particles w
no difficulties. Using this method, we have clarified th
structural formation of polyelectrolyte brushes numerica
As a result, it is found that the local charge densityr(z)

FIG. 4. ~a! Density profile of monomersn(z) as a function of
the distancez. The grafting density isrs250.09. The added sal
concentrationcs is given bycs50.0, 0.012, 0.025, 0.05, and 0.1
~b! Density profile of monomersn(z) as a function of the distance
z. The grafting density isrs250.03. The added salt concentratio
cs is given bycs50.0, 0.008, 0.017, 0.033, and 0.066.
7-4
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shows the characteristic, oscillating feature at the surfac
the brush layers. We have also studied the electros
screening effect on polyelectrolyte brushes by add
monovalent salts. At high grafting density, the brush hei
does not get influenced by added salts. At low grafting d
sity, on the contrary, the brush height decreases with
increasing concentration of added salts. We mention that
extension of our numerical method proposed in this pape
the system with one-dimensional periodicity, i.e., solutions
nanopores, is straightforward. There are a lot of applicati
of this method in soft matter physics and in surface scien
9

v.

A
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~e.g., biological membranes as well as thin solid films!, and
these are future problems.
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